Abstract Let A be a finite set of integers. We show that if k is a prime power or a product of two distinct primes then
Introduction
For finite subsets A 1 , . . . , A k of Z, their sumset is given by A 1 + · · · + A k = {a 1 + · · · + a n : a 1 ∈ A 1 , . . . , a k ∈ A k }, which is simply denoted by kA if A 1 = · · · = A k = A. It is known that
and equality holds when A 1 , . . . , A k are arithmetic progressions with the same common difference.
Let A be a finite set of integers. For k ∈ Z + = {1, 2, 3, . . .}, define k · A := {ka : a ∈ A}.
Recently J. Cilieruelo, Y. Hamidoune and O. Serra [1] proved that
if k is a prime and |A| ≥ 3(k − 1) 2 (k − 1)!. They also conjectured that for every positive integer k the inequality holds when |A| is large enough. In this paper we confirm the conjecture for k = p α , p 1 p 2 , where p, p 1 , p 2 are prime numbers and α ∈ Z + . Remark. For a fixed k, the bound given in (1.1) is best possible when |A| is large enough. Moreover, equality holds if and only if A = k·{0, 1, . . . , n}+ {0, 1, . . . , h} for some positive integer n, where h = k/2 or (k + 2)/2, if k is even; (k + 1)/2, if k is odd.
However, there is a smaller lower bound when |A| is small (cf. [2] ).
Notation and Elementary Lemmas
Throughout this paper we use the following notation. For a set A ⊆ Z with |A| > 1 and a positive integer k, we defineÂ as the projection of A into Z/kZ. Let j = |Â| and A 1 , A 2 , . . . , A j be the distinct classes of A modulo k. Write A i = kX i + u i with 0 ≥ u i < k, i = 1, 2, . . . , j. Clearly |A i | = |X i |,
and u 1 , . . . , u j are distinct. Set F = {1 ≥ i ≥ j : |X i | = k}, E = {1 ≥ i ≥ j : 0 < |X i | < k}.
and
△ rs = (A r + k · A)\(A r + k · A s ), r, s = 1, 2, . . . , j.
Without loss of generality, we have the following assumption:
(I) gcd(A) = gcd({a : a ∈ A}) = 1. If d = gcd(A) > 1, replace A by A ′ = {a/d : a ∈ A}. Obviously |A ′ | = |A| and
(II) u 1 = 0 and
easy to see that |A ′ | = |A| and
Replace A by A 1 . If |Â 1 | = 1, we repeat the process until |Â 1 | > 1.
Lemma 1 ([2]). For arbitrary nonempty sets
(iii) Furthermore, if equality holds in (ii), then either |B| = 1 or |X i | = 1 for all i = 1, . . . , j or B and all the sets X i with more than one element are arithmetic progressions with the same difference.
Lemma 2 (I. Chowla [3] ). Let n ≥ 2, and let A and B be nonempty subsets of Z/nZ. If 0 ∈ B and (b, n) = 1 for all b ∈ B\{0}, then |A + B| ≥ min{n, |A| + |B| − 1}.
Lemma 3 ([1]).
For each subset I ⊆ {1, 2, . . . , j}, we have i∈I |△ ii | ≥ |I|(|I| − 1).
Proof of Theorem 1
Lemma 4. Let p be a prime, α ∈ Z + and k = p α . Let A be a nonempty finite subset of integers. Denote m = min{1
(ii) Remember that p|u 1 , . . . , p|u m−1 and p ∤ u m . Clearly, (u 1 − u m , k) = · · · = (u m−1 − u m , k) = 1. By Lemma 2, we have
If |X m | + m − 1 ≤ k, by induction on t, we obtain that
With the help of Lemmas 1 and 2, we get
By the definition of m, it is easy to see that m ≤ p α−1 + 1. And so
This concludes the proof.
Lemma 5. Let p be a prime, α be a positive integer and k = p α . Let A be a nonempty finite subset of Z. Then
Proof. Let I be the set of integers t such that for every nonempty finite set A ⊂ Z,
It is known that |A + k · A| ≥ 2|A| − 1 ≥ 2|A| − k. So we have 1 ∈ I. Suppose that t ∈ I and 1 ≤ t < k. Below we will prove t + 1 ∈ I.
Let A be any nonempty finite subset of Z. We need to show that
If j > t, applying Lemma 1, we immediately get
Now we suppose that j ≥ t. As gcd(A) = 1, the set
Remember that t ∈ I. Applying Lemma 4, for i ∈ E \ {m}, we get
In this case,
Clearly,
Applying Lemma 4, we obtain that
It's easy to see that
Thus we also get
In view of the above, we get t + 1 ∈ I. As a result, k ∈ I. We are done.
And so (1.1) is valid if j = k. Now we assume that j < k. As gcd(A) = 1, the set
With the help of Lemmas 1 and 3 we conclude that
By Lemme 2, we have |X m +Â 1 ∪Â m | ≥ |X m | + 1. Therefore
Then using Lemma 5 we obtain
Case 3. m ∈ F and there exists s ∈ E. In this case Lemma 4 implies |△ ss | ≥ |A m |. Then applying Lemmas 1 and 5, we see that
This completes the proof.
Proof of Theorem 2
Lemma 6. Let k be a positive integer and A be a nonempty subset of Z/kZ.
Proof. If (α, k) = 1, we easily get that A + α = A if and only if A = Z/kZ which yields the Lemma. Below we assume that
Then we have
We write
.
Z because that A i ⊆ Z/kZ and α ∈ Z/kZ. It is easy to see that
) = 1 and hence with the help of Lemma 2 we obtain that
This proves the Lemma.
Lemma 7 (see [3] ). Let A and B be nonempty subsets of the abelian group G, and let e be any element of G. Let (A(e), B(e)) be the e-transform of the pair (A,B), i.e., A(e) = A ∪ (B + e) and B(e) = B ∩ (A − e). Then
A(e) + B(e) ⊆ A + B and A(e) \ A = e + (B \ B(e)).
If A and B are finite sets, then
If e ∈ A and 0 ∈ B, then e ∈ A(e) and 0 ∈ B(e).
Below we setā = a + kZ for a ∈ Z and k ∈ Z + .
Lemma 8. Let k > 2 be an integer but not a prime. Let A be a nonempty
Proof. Clearly it is true if |A| + |B| > k. Now we assume that |A| + |B| ≤ k. It is not difficult to deduce that the lemma holds if |A| = 1 or |B| ≤ 2. Suppose that there exist sets A, B such that
Then |A| ≥ 2, |B| ≥ 3. Choose the pair (A, B) so that the cardinality of B is minimal. Since |B| ≥ 3, there exists an elementb ∈ B \ {0,q}. Then (b, k) = 1. As A = Z/kZ, according to Lemma 6, there exists an element e ∈ A such that e +b / ∈ A. Apply the e-transform to the pair (A, B). By Lemma 7, we have A(e) + B(e) ⊆ A + B, and so |A(e) + B(e)| ≤ |A + B| < |A| + |B| − 1 = |A(e)| + |B(e)| − 1.
Since e ∈ A and 0 ∈ B, it follows that 0 ∈ B(e) ⊆ B. Since e +b / ∈ A, we haveb / ∈ A − e, and sob
Therefore, |B(e)| < |B|, which contradicts the minimality of |B|. This completes the proof.
Lemma 9. Let p 1 , p 2 be distinct prime numbers and k = p 1 p 2 . Let A be a nonempty finite subset of Z. Suppose that gcd(u 1 , u 2 , . . . , u j ) = 1.
and
where
Proof. (i) Notice that u 1 = 0 and (u 2 , k) = 1. Applying Lemma 6 we get
(ii) Assume that 1 ∈ E.
Below we assume that n ∈ E. Since p 1 ∤ u n and k = p 1 p 2 , it is easy to see that (u n , k) = 1 or (u n − u 2 , k) = 1. Thereforê
And hence
With the help of Lemma 1, we get
Since |X n | < p 2 , we have |{x( mod p 2 ) : x ∈ X n }| ≤ |X n | < p 2 . Observing that (p 2 , u 2 ) = (p 2 , u 3 ) = . . . = (p 2 , u n−1 ) = 1 and that |{u i ( mod p 2 ) : 2 ≤ i ≤ n − 1}| = n − 2, in light of Lemma 2 we get
where l = min{n − 1, p 2 + 1 − |X n |}. Consequently
By the definition of n, n ≤ p 2 + 1. Then
Since |X n | < p 1 , in view of Lemma 6, we have
Then using Lemma 8, we get
And so
Lemma 10. Let p 1 , p 2 be distinct primes and k = p 1 p 2 . Let A be a nonempty finite subset of Z. Then
Proof. Let I be the set of integers t such that for every nonempty finite set
As mentioned in the proof of Lemma 5, 1 ∈ I. Suppose that t ∈ I and 1 ≤ t < k. We will prove t + 1 ∈ I and therefore k ∈ I. Let A be any nonempty finite subset of Z. According to the discussion in the proof of Lemma 5, we only need to show that
when j ≤ t. We have known that
If 2 ∈ F i.e 2 ∈ E, by Lemma 9, we have |△ ii | ≥ |A 2 | for i ∈ E. Combining (4.2) and (4.3) it follows that
When 2 ∈ E, we have |△ 22 | ≥ |A 1 | and |△ ii | ≥ |A 2 | for i ∈ E \ {2}. Hence
For convenience we denote
In order to get (4.1), it is sufficient to prove
Below we assume n ∈ E.
If |A 1 | ≤ p 2 |A n |, according to Lemma 9 and (4.3), we get
With the help of Lemma 9, we deduce that
Observe that
Proof of Theorem 2. As mentioned in the proof of Theorem 1, (1.2) is valid if j = k or |X i | = k for each i = 1, 2, . . . , j. Now we assume that j < k and E = ∅.
If |X 2 | < k, it is simple to see |△ 22 | ≥ |A 1 | and
If |X n | = k, we must have s = n and s ∈ E. From Lemma 9, |△ ss | ≥ |A n |.
It implies
If |X 2 | < k, |A 1 | ≤ p 2 |A n | and Lemma 9 tell us that |△ 22 | ≥ |A 1 |. Hence
While |X 2 | < k, then |△ 22 | ≥ |A 1 | or p 2 |A n |, and therefore
Subcase 3. |X n | < p 1 By Lemma 9, |△ nn | ≥ |A 1 | and
This completes the proof of Theorem 2. The proof of Lemma 11 is not difficult, although it takes up several lengths. Here we omit the process for simpleness.
Lemma 12. For |A| ≥ 5, j = 3 and A = A 1 ∪ A 2 ∪ A 3 , if |A i | ≤ 4, we have
Proof. As mentioned before, we have
, in light of Lemma 1 we have
, we have
, with the help of Lemmas 2 and 11, for |A i | = 3, 4 we have 
Proof. We distinguish four conditions.
(I) If |X i | = 1, we use Lemma 11 to obtain that for |A i | = 1, 2, 3, 4,
by Lemma 2, we have 3 ≤ |X i +Â| ≤ 4. We divide it into two small cases. Case 1. |X i +Â| = 4.
Since |X i +Â i | = 2, by Lemma 11 and |A| ≥ 5, we get
Case 2. |X i +Â| = 3. We write η = | {x ∈ X i : (x +Â\Â i ) (X i +Â i )} |. While η ≥ 2, according to Lemma 11 we have
While η = 1, it is easy to see
For |A i | = 3, we write X i = {s 1 , s 2 , s 3 } with s 1 ≡ s 2 ( mod 4) and s 1 < s 2 . Then we haveŝ 3 +Â i =ŝ 1 +Â\Â i . It will turn out that
If |A| ≥ 6, the inequality holds clearly. If |A| = 5, since |A i | = 3, then |A 1 | = 3. Let A 1 = {a 1 , a 2 , a 3 } with a 1 < a 2 < a 3 and A 2 = {a 4 , a 5 } with a 4 < a 5 . Because u 1 = 0, a 1 = 4s 1 , a 2 = 4s 2 and a 3 = 4s 3 , if inequality does not hold, there must be s 3 + a 1 = s 1 + a 4 , s 3 + a 2 = s 1 + a 5 = s 2 + a 4 and s 3 + a 3 = s 2 + a 5 . Then a 2 − a 1 = s 2 − s 1 . It is a contradiction to a 1 − a 2 = 4(s 1 − s 2 ). From the inequality and Lemma 11 we have
For |A i | = 4, let X i = {s 1 , s 2 , s 3 , s 4 } with s 1 ≡ s 2 ≡ s 3 ( mod 4). Easy to know |X i + 4 · X i | ≥ 13 which yields that
(III) If |X i |=3, we have |X i +Â| = 4 and applying Lemma 11 we get 
For |A| = 8, we have
Proof of Theorem 4.1. Through the proof of Theorem 1, we know that without loss of generality we can assume p ∤ gcd(A). For k = 4, it means that 2 ∤ u 2 . If |Â| = 4, by Lemma 1, we have |A + 4 · A| ≥ 5|A| − 4 which supports Theorem 4.1. Then we can also assume |Â| ≤ 3.
From Lemmas 12 and 13, we know that for |A| = 5, |A + 4 · A| ≥ 5|A| − 6. For |A| ≥ 6 we prove Theorem 4.1 by induction on |A|. Suppose for any B with 5 ≤ |B| < |A|, we have proved |B + 4 · B| ≥ 5|B| − 6. To read clearly, we divide Theorem 4.1 into three small theorems. We use Lemma 12 to obtain 
For |X 1 | ≤ 3, since |Â| = 3, applying Lemma 2 we have |X 1 +Â| > |X 1 | and clearly 
If there is only one element in {|X 1 |,|X 2 |} that equals to 4. According to Lemma 2, we can get
When |X 1 | ≤ 3 and |X 2 | ≤ 3, Lemma 2 gives |X 1 +Â| > |X 1 | and |X 2 +Â| > |X 2 |. Then it turns out that
Theorem 5. For |A| ≥ 5, |Â| = 3 and
Proof. As mentioned above, if |X i | ≤ 3, by Lemma 2, we get |X i +Â| > |X i |. Then
(II) If | {i : |X i | ≤ 3} | = 2, according to Lemma 1 we get
(III) If | {i : |X i | ≤ 3} | = 1, we have to make more careful discussion.
We may suppose that |X 3 | ≤ 3 and |X 1 | = |X 2 | = 4. Then we will get |X 1 + A| ≥ 5|A 1 | − 2 and |X 2 + A| ≥ 5|A 2 | − 2. It is useful to notice that min( This completes the proof of Theorem 4.1.
